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Statistical Analysis of the Relationship Between Wind Speed, Pressure and Temperature
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Abstract: There are two common entities that meteorologists consider contributing factors within a storm;
namely, pressure and wind speed. The present study uses actual readings from a buoy in the Gulf near Florida
and a reading estimated using Doppler within a hurricane and identifies the relationship between wind speed
and pressure using both regression analysis and non-response analysis to detect interaction and higher

order

terms. Then proceed to perform non-response analysis to obtain useful information about the

relationship between pressure, wind speed and temperature. In this study it was found that non-response
analysis can be used as an alternative to regression analysis and can be further extended to detect relationship
among co-dependent variables. Utilizing these findings, solutions to the developed model has been obtained
that estimated one variable as a finction of the remaining two with two solutions depending on the season;
that 1s, pressure as it relates to wind speed and temperature as 1t relates to wind speed and pressure and wind

speed as it relates to both pressure and temperature.
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INTRODUCTION

In the present study, a new method has been
mtroduced for the estimation of parameters in both
univariate and multivariate analysis using real world data
to continue analyzing the relationship between wind
speed and pressure. Wind can be defined simply as air in
motion, (Pidwimy and Slamna, 2010) and according to
Newton's second law (Norbury and Roulstone 2002),
assuming the mass of the wind is unchanged (constant
density), the pressure gradient acceleration (the
acceleration of the wind) 1s directly proportional to the
difference in pressure. Hence, if we assume the mass and
density of the air are constant, then wind speed is directly
proportional to pressure, a == AP and w o P. This question
was addressed using standard Regression Analysis by
Wooten and Tsokos (2009a) 1 "A proposed new scale to
dentify the category of a Hurricane's status." In this
study, five
status category five according the Saffir-Simpson scale

storms which had reached hurricane

(Saffir, 1973; Simpson, 1974) were analysis to determine
the relationship between wind speed and pressure
and in other publications, (Wooten and Tsolkos, 2008).
To further test this relationship, the relations were
re-analyzed using this new statistical method and then
extended this to include non-response analysis together
with interaction between wind speed and pressure.
However, wind formation i1s a result of temperature
difference; pressure and wind speed are co-dependent on

temperature. According to the Ideal Gas Law, the
interaction of pressure and volume are proportional to
temperature, PV o« T and by Boltzmann's equation
(Crummer, 2010), velocity-squared is proportional to
temperature, w” = T. Therefore, to test for the affects of
temperatures the analysis was further extended and the
issue of volume has also been addressed (Powell and
Remhold, 2009).

Tt has been shown that the relationship between wind
speed and pressure are co-dependent with temperature. Tt
was first considered the relationship between wind speed
and pressure within a storm and then considered more
complex relationships between wind speed, pressure and
temperature near the swface of the water. Having
identified statistically the relationship mn the subject data,
it allows meteorologist to determine estimates of each
variable as a function of the other variables, depending on
the time of year and on the non-functional relationship
obtained. Understanding the non-functional relationship
between temperature, pressure and wind speeds 1s useful
in understanding the dynamics that exist within a tropical
storm.

DESCRIPTION OF DATA AND CONCEPT FOR
COMPARISON

The two methods used in this study are standard
multiple regression analysis for the statistical model
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and Wooten's augmented matrix for regression without a
subject response, that 1s, non-response analysis for the
statistical model:

1=f(xD =y,x1,x2,...,xp)=muy+ Cy Xy + 06Xy + -+ X+ o

defines the augmented matrix as:
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with parameters and unity:

respectively; the parameters are the weights that balance
the model to one and unity is a column vector of ones.
Therefore we have

&= (WW) W1 (2

The data for the first part of the study are taken from
website (http://weather.umsys.com/hurricane/index. php);
wind speed and pressure readings for five hurricanes
which reached hurricane status category five;, namely,
Isabel (2003), Ivan (2004), Katrina (2005), Rita (2005) and
Wilma (2005). With readings every three hours, we have
a sample of size 397. For the second part of the study, we
will use hourly readings by buoy 42036 in the Gulf near
Florida, (NBDC, 2005). With nearly 345 days of hourly
readings, we have a sample of size 8277. There variables
included in this second data set include pressure and
wind speed in addition to temperatures (atmospheric,

water and dew point) from which we will use Wooten's
augmented matrix to determine the relationship that exist
among the variables including mteraction between the
wind speed and pressure.

STANDARD ANALYSIS AND WOOTEN'S
AUGMENTED MATRIX ESTIMATE

Using standard statistical methods, we were able to
find the relationship between wind speed and pressure
using the model relating pressure to wind speed and
acceleration.

P=[p+pw+pw

Then using standard statistical methods for multiple
regression, we have the following data matrices:

By
By
B,

and we find the parameter estimates using Eq. 1; apply
this statistical method to the first data set, the developed
model is:

1w, wy
X= ©land B=

2
1 w, w,

P=1012.96— 0.312669w — 0.00285818w"

The parameter estimates are given in Table 1
including the analysis of variance and regression
statistics. This model indicates that when there 1s no wind
present, the atmospheric pressure is approximately
1012.96 millibars; standard atmospheric pressure is
1013.25 millibars. As shown n Table 1, an estimated 92%
of the variance m the pressure 1s explained by wind speed
1n this regression model. With a standard error of 9.2, thus
model is useful in explaining the relationship between
wind speed and pressure as shown in Fig. 1.

As proof on concept, we will estimate this same
relationship using Wooten's augmented matrix and
compare the results.

The alternative model is:

1=c,P+ow+aw

and the augmented data matrices are given below:

1 Poow W o
1= Wa,1= - and a=| @,
1 P w, W o,
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Table 1: Output summary for standard multiple regression, P =1 (w)

Regression statistics Values
Multiple R 0.959402
R Square 0.920451
Adjusted R Square 0.920047
Standard Error 9.215379
Observations 397
Sov df 88 MS F Significance F
ANOVA
Regression 2 387159.8 193579.9 2279.47 2.7E-217
Residual 394 33459.75 84.92321
Total 3946 420619.6
Coefficients Standard error t Stat P-value Lower 95% Upper 95%
Intercept 1012.958 2.239229 452.3691 0 1008.556 1017.36
w -0.31267 0.060179 -5.19563 3.28E-07 -0.43098 -0.19436
w2 -0.00286 0.000352 -8.10898 6.53E-15 -0.00355 -0.00217
Table 2: Qutput summary using wooten's augmented matrix, £ (P)=1
Regression statistics Values
Multiple R 0.999959
R Square 0.999918
Adjusted R Square 0.99738
Standard Error 0.00908%
Observations 397
Sov df 88 MS F Significance F
ANOVA
Regression 3 396.9675 132.3225 1601863 0
Residual 394 0.032547 8.26E-05
Total 397 397
Coefficients SE t Stat p-value Lower 95% Upper 95%
w 0.000356 5.87E-05 6.070285 3E-09 0.000241 0.000471
w? 2.56E-06 3.53E-07 7.252559 2.18E-12 1.86E-06 3.25E-06
P 0.000085 2.18E-06 452.3691 0 0.000981 0.00099
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Fig. 1: (a) Scatter plot of pressure versus wind speed mcluding developed model and (b) residual plot

and parameter estimates the parameter estimates are given
by Eq. 2; therefore, using this newly outlined method,
we have the relationship among pressure and wind speed
with second order in the wind speed only is found to be:

1= 0.000985P + 0.00356w + 2.56%1 07w’

The parameter estimates are given in Table 2

mcluding the analysis of variance and regression

statistics; with 99.99% of the pomts falling into this
relationship, the  approximate standard  error
(0.009089 m scale) of 9.23; this shows that these two
statistical methods  are comparable in terms of
regressions to the surface (plane). Modeling done
using  standard multiple-regression can also be
done using augmented matrices. This gives a scaled
model in terms of pressure as a function of wind speed
of P=1014.9-0361451w - 0.0025896w" as shown in Fig. 2.
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Fig. 2: (a) Scatter plot of pressure versus wind speed mcluding newly developed model and (b) a comparison of the two

This comparison is further illustrated in the estimate
of standard atmospheric pressure; using standard
regression this was estimated to be 1012.96 and using
Wooten's augmented matrix and model scaling, this
estimate is 1014.9. The apparent differences are due to the
fact that the data used to calibrate both models where
recorded under hurricane conditions
pressure

and therefore

standard  atmospheric is  extrapolated

information.
NON-RESPONSE ANALYSIS

The above models are comparable, using Wooten's
Augmented Matrix, the advantage to using augmented
matrices over matrix equations is that we can extend this
to include higher order terms m wind speed and pressure
as well as mteraction between the two terms and test the
co-dependent relationship between the variables.

First we will test the relationship between wind speed
and pressure assuming interaction and then with the full
second order model.

First order interaction: Consider the augmented model
including interaction without second order terms:

1=aP+aw+a,wP
with data matrices given below:
1

1=Wo,l=|:
1

g

: E:
e —

g

[=1

&)

Il
1
)
e —

E
W= :
P, w, Pw

Using the developed non-response analysis, we have to
be:

1 = 0.000993P + 0.005021w- 4.7x107° Pw

This gives a scaled model in terms of the smallest
coefficient of

210.881 = 209.456P + 1058 . 94w-Pw

Where the parameter estimates are given in Table 3.

The parameter estimates are given in Table 3; with
99.997% of the pomts falling into this relationship, the
approximate standard error 0.005879 which is less error
than the previously developed model. Solving for
pressure we have:

210.881-1058.94w
209456 —-w

P=

as shown in Fig. 3.

As indicated in Fig. 3, there are more points above
the curve at the extremes and more pomts below the curve
toward the center. However, there is a smaller standard
error, this 1s an mdication of lugher order terms in at least
one of the principle factors to explain the curvature seen
1n the residuals (Fig. 4).

Full
model:

second order model: Consider the augmented

1= o, P+ a;w + o, wP + a,.P* + o, w?

with data matrices given

Cy

1 B w, Pw, B w &

below: | —wer=|[w=|: ©  © ¢ ¢ |and a=|o,
1 P w, Pw, P w o,

Gy
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Table 3: Qutput summary for first order interaction, 1 =y P+ cyw + oy wP

Regression Statistics Values
Multiple R 0.999983
R Square 0.999966
Adjusted R Square 0.997427
Standard Error 0.005879
Observations 397
Sov df 38 MS F Significance F
ANOVA
Regression 3 3969864 132.3288 3828039 0
Residual 394 0.01362 3.46E-05
Total 397 397
Sov CoefTicients SE t Stat P-value Lower 95% Upper 95%
P 0.000993 1.1E-06 903.1251 0 0.000991 0.000995
W 0.005021 0.000164 30.64864 2.4E-106 0.004699 0.005344
Pw -1.7E-06 1.83E-07 -25.9462 2.83E-87 -5.1E-06 -4.4E-06
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which gives a scaled model in terms of the smallest

coefficient is:

1,695,366 = -w’-1.61P%-2.55Pw+2618.32w+3305.2P(3)

Solving for pressure in terms of wind speed, we have

a=1.61

b (w) = 2.55w-33.5.2
¢ (w) =W - 2618.32w + 1,695,366
d(w)=[b W7 -4daxc (w)

The parameter estimates are given in Table 4; with
100% of the points falling into this relationship, the
approximate standard error 0.000116 which 1s less error
than the standard error found in the two previously

developed models.

Fig. 4 (a-b): Residual plot of (a) pressure and (b) wind

speed

Solving for pressure we have:

e Jatw)

2a

(h

with parameter estimates given mn Table 4 and the model

shown graphically in Fig. 5,

where:

3

—b(w)—,’d(w B _ —b(w) B 7—b(w)+1fd(w)
2a e Tt

2a

2a
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The apparent reason for the two solutions is that
pressures relationship to wind speed is indirectly

L + P=PL-PC=PU

Pressure

0 20 40 60 80

Wind speed

100 120 140 160

Fig. 5. Scatter plot of pressure versus wind speed
including developed model including higher order
terms and interaction

related by temperatuwre and volume and therefore,
the pressure would be different before, during and
after a storm. This 1s seen in the estinates when we

let:
{
II.

as shown in Fig. 6, this rule applies more so for the early
stages of the storm and later states of the storm when
wind speeds are low; however, when the wind speeds are
greater than 80 knots, the pressures appear mainly
between these two extremes.

This is an indication that there are lurking variables,
either volume (not measured) or temperatures (not
provided 1n this data set) are related to pressure and wind
speed. This breakdown 1s consistent with the Wooten
and Tsokos (2009b) scale , that around 80 knots there is
a shift in pressure differentials and the start of hurricane

Before Peak Wind Speed
After Peak Wind Speed

1040 @ 1040 (b)
a) .
1020 P = PL--PC=PU 1020 iy * P=PL-PC=PU
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e I
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Fig. 6 (a-b): Scatter plot of pressure versus wind speed (a) before the storm and (b) after the storm
Table 4: Output summary for full second order model, 1 = oy P + oty w + o;wP + osP? + o, w?
Regression Statistics Values
Multiple R 1
R Square 1
Adjusted R Square 0.997449
Standard Error 0.000116
Observations 397
Sov df 38 M3 F Significance F
ANOVA
Regression 5 397 79.4 5.85E+09 0
Residual 392 5.32E-06 1.36E-08
Total 397 397
Coefficients Standard error t Stat P-value Lower 95% Upper 95%
P 0.00195 1.53E-06 1276.169 0 0.001947 0.001953
w 0.001544 1.36E-05 113.1628 1.9E-301 0.001518 0.001571
Pw -1.5E-06 1.24E-08 -121.906 0 -1.5E-06 -1.5E-06
P? -9.5E-07 1.5E-09 -635.21 0 -9.5E-07 -9.5E-07
w2 -5.9E-07 1.1E-08 -53.6687 1E-182 -0.1E-07 -5.7E-07
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Fig. 7 (a-b): Standard scores for wind speed, pressure, temperatures (atmospheric, water and dew peint) for (a) the
original data and (b) for the 28-day moving average

category 2 in this newly defined scale. In the Saffir-
Simpson scale, this shift occurs at 85 knots.

COMPARISON TO BUOY DATA WHEN NO
STORMS ARE PRESENT

Next the relationship has been tested between wind
speed and pressure first assuming interaction alone and
then with the full second order model using data
measwred every hour near the surface of the ocean as
opposed within a storm with hurricane force winds. As
these values vary from howr to hour and have daily and
yearly patterns, Fig. 7a, the 28-day moving average for
wind speed, pressure and temperatures (atmospheric,
water and dew point)has been considered, Fig. 7hb.

To compare these measures near the surface to those
measured within a hurricane; consider the non-response
model given in Eq. (3). Using this non-response analysis
and the raw data, we have to be:

1= 0.0001967P + 0.00154w-1.5x107" Pw-9.7x107" P* +
24651077 w’

which gives a scaled model is:

4,058, 245 = w’-3.92391P%-0.61 46Pw + 623.1295w +
7981.085P

Solving for pressure in terms of wind speed, we have

a=-3.92391
b (w) = -0.61464w + 7981.085
¢ (w) =W + 623.1295w-4,058,245
d (w) = [b (w)]"-daxc (w)

Hence, solving for pressure as it has been done in the
previous analysis, Eq. (4), the developed model estimated
the central tendency linearly using P, with volatility as

indicated mn the upper and lower pressure estimates.
However, as the wind speed increase, this estimate has
increase variance.

Figure 8 indicates that there i3 more to the
relationship between pressure and wind speed near the
surface of the water in the Gulf of Mexico. This is seen in
that the estimates for pressure are only accurate during
the summer months when temperatures are higher.
However, in the winter months, the developed model does
not accurate estimate the observed pressure. This 1s due
to the affects of temperature. By the ideal gas law,
pressure and volume are directly related to temperature,
but under the assumption that pressure 15 constant, by
Charles Law (Pidwirny, 2006), here the ratio of volume to
temperature is constant. Therefore, during the summer
months when pressures appear to be constant,
temperature should explain the interaction between
pressure and volumes. To compare the behavior of each
of the various temperatures and related volumes by
scaling the data as follows: given a variable x, define the
scaled value of the data, y, to be:

X —min,

max, —min,

Among the variables given, pressure appears to be
most constant, in addition, the behaviors of the three
temperature readings are very similar. This 1s seen in
Fig. 9, while the dew point is higher than the atmospheric
temperature and water temperature is lower than
atmospheric temperature, during hurricane season, they
rise and fall comparatively. When compared to the other
variables, temperature appears to relate inversely; when
temperatures rise, pressure and wind speed compensate
for the moving volumes of air. This direct relationship
between temperatures and volumes (holding pressure
constant in the Ideal Gas Law) will allow us to treat
volume as a constant as V o T.
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To address the constant nature of the remaining
variables starting with pressure, comsider the non-
response model:

1=qP

with data matrices are given below:

1 P
1=Wo,l=| | W=
1 P

n

and o = [0 |

and parameter estimate:

R
YE

&=

This measure 1s also an indication of the constant
nature of the variable itself. Consider the sums of square

error for the variable P:
3 (p-P) =3P -n(py

then the sums of squares are a measure of the mean and
the sum of square errors:

P = (P-P) +a(P)

Hence, internal to the variable, the coefficient of
determination 1s the percent of total sums of squares
explamed by the mean and 1s given by:

n(P)

-y

R2

As and therefore P is approximately

N 1
WA&QAEN@%W

a constant and as R?—0,G6—,P=0V(P) e and
therefore P 1s extremely variant.

Table 5 gives the analysis of the constant nature of
the variable pressure. In this data set, the pressure 1s
relatively constant with R* = 0.99999. The estimate of the
mean reciprocal is 0.0009841, which gives a point estimate
for standard atmospheric pressure of 1016.18.

Compare the variability of the five given variables,
Table 6; the most variant measure is the dew point with

*=0.94303, followed by wind speed with R* = 0.95171,
atmospheric temperature with R* = 0.96286, water
temperature with R* = 0.97304 and lease variant is pressure
with R = 0.99999. The point estimates using the standard
sample mean are lower compared to the pomt estimates
found using Wooten's Augmented Matrix as this
alternative method uses the variance in the data to
estimate the population mean.
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Table 5: Summary output for non-response analysis of means for pressure, P

Regression statistics Values Lower 95% Upper 95%

Multiple R 0.999994407 0.0009840 0.0009842

R Square 0.999988814 Lower 95.0% Upper 95.0%

Adjusted R Square 0.99986807 1016.25 1016.11

Standard Error 0.00334482 Point Estimate

Observations 3283 101618

Sov df S8 MS Significance F

ANOVA

Regression 1 8282.90734 8282.90734 740350424.8

Residual 3282 0.09266 0.00001

Total 3283 8283 0
Coefficients SE t Stat p-value
0.0009841 3.61669E-08 27209.38 0

Table 6: Summary Qutput for comparigson of non-response analysis by variable: Pressure, Wind Speed, Temperatures (Atmospheric, Water, Dew Point)

Statistical analysis P W T, T, Ty
Mean 1016.17 5.57001 22.2101 23.6924 17.7659
Standard Error 0.03735 0.01379 0.04793 0.04334 0.04798
Median 1015.21 5.88965 21.4141 23,2211 16.455
Mode 1013.8 6.90802 17.2773 30.1569 16.4
Standard Deviation 3.39891 1.25481 4.36207 3.94415 4.36674
Samnple Variance 11.5526 1.57454 19.0277 15.5564 19.0684
Kurtosis 0.23781 -0.2917 -1.4638 -1.5223 -1.4788
Skewness 0.92713 -0.4367 0.19106 0.24176 0.14645
Range 15.8258 5.74985 13.7382 11.385 13.8335
Minirmum 1011.12 2.29825 15.2464 18.7765 10.3194
Maximum 1026.95 8.0481 28.9845 30.1615 24.1529
Sum 8416911 46136.4 183966 196244 147155
Count 3283 8283 8283 8283 3283
Parameter Estimate 0.00098 0.17086 0.04335 0.04107 0.05308
Point Estimate 1016.18 5.85266 23.0667 24.3489 18.839
R? 0.99999 0.95171 0.96286 0.97304 0.94303

Table 7: Correlation Matrix between variables: Pressure, Wind Speed,
Temperatures (Atmospheric, Water, Dew Point)

w P T, T,
P 0.352134 1

T, -0.58404 -0.57506 1

T, -0.46956 -0.50329 0.970928 1

T, -0.6994 -0.55452 0.962906 0.889814

To address the similar behaviors seen in the three
different temperature readings, shown in the correlation
matrix in Table 7, these temperatures are highly correlated
with a minimum correlation coefficient of 0.8898 between
dew point and water temperature; water temperature and
dew pomt are both highly atmospheric temperature.
Therefore, as dew point 13 a measure of relative humidity
(volume) and follows a similar pattern to both atmospheric
and water temperature, we will use dew point as the
temperature reading.

Consider the non-response model using dew point as
the measure of temperature:

1=wP+aw+oel +op +aw + o7 +oPw+
+,PT + a,wT

Using  non-response analysis, the developed
model 1s:

1= 0.001949P + 1.13x1077 W + 0.000996T

-9.5%107 PP+ 1.13%107° Wa-3.2x1077 T
-5.7%107Pw -9.7x107 PT-3.4x107" wT

where, solving for pressure we have:

a=-9.5x107"
b{w,T)=-57=107"w-9.7x107" T + 0.001 949
¢ (w,T) =-1 4 0.00585w + 0.000996T + 1.13x1077 w*-
3.2x107 T%-3.4x1077 wT
d (w,T) = [b (w,T)]-daxc (w,T)

5_bwT)= JitwT)

2a

with parameter estimates given in the developed model,
shown graphically in Fig. 10, where similar to Eq. 4, we
have:

b —b(w,T) 7-\,'d(w,T B —b(w,T) . —b(w,T)+ Jd(w,T)
L= e = I =
2a 2a 2a

Similarly, we can rotate our focus by either solving in
terms of temperature or wind speed. First solving for
temperature, we have:

a=-32x1077
b (w,P) =-3.4x107 w-9.7x107" P + 0.000996
¢ (w,P) =-1+0.00585w + 0.001949P + 1.13=107"
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Wind speed

Fig. 11

d (w,P) = max {[b(w,P)]*-daxc (w,P), 107}

and as shown in Fig. 1la, the temperatures generally

follow
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: (a) Estimated temperatures with the observed temperature (dew point) using 7-day averages over time
(day of year) and (b) estimated wind speed along with observed wind speed using 7-day moving averages over
time (day of year)

w'-9.5x107 P*-6,7x107 wP and therefore, as show in Fig. 11b, wind speeds following
one of the two solutions:

“B(T.P)— fd(T.P 5 _TbTP) o _b(L,P) + JdCT.P)
2a e T

W, =
- 2a 2a

either upper or lower solution and varying in

between the Eq:

)

As with pressure, pressure and wind speed find

L

Solving m terms of wind speed, we have:

¢ (T,P) =1+0.00996T + 0.001949P-3.2x1077 T*-9.5<1077
P29.7<107" TP

_—b(w,P) —Jd(w P 7
- 2a e

_ —b(w,P) i oo —b(w,P) +Jd(w,P)
= T, =

5 5 balance i one of two solutions to the given equation.
a a

During the winter days, the true value of the wind speed
appear to follow the upper solution, however, mn the
higher), the
wind speeds appear to follow the lower solution. This
reverses in the estimates of temperature, Fig. 11b;

summer days (when temperatures are

a=-1.13x1077
b (T, P) =3.4x107"T-5.7<107" P + 0.000585
the summer, the data follows the upper solution and
in the winter 1s best estimated by the lower solution

d (T,P) = max {[b (T,P)]*-4axc (T,P), 10"} or approximately the central solution. Tn general, the
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solution with minimum wind speed is optimal; that is, the
estimated wind is always that with minimum velocity,
v =|w|.

USEFULNESS OF NON-RESPONSE ANALYSIS

The usefulness of non-response analysis 1s that it
provides alternative parameter estimates for standard
multiple regressions and allows the analysis to go beyond
functional analysis of dependent and independent
variables to that of co-dependent relationship. This
additional pomt of view offers insight into the subject
phenomenon and allows us to test assumptions without
assigning the title of response variable and explanatory
variable but rather related variables.

We have shown that temperature 1s related to wind
speed and pressure when no storms are present;
therefore, observing temperatures necessary to
understand when low pressures result in higher wind
speeds like those found within a hurricane.

i

CONCLUSION

Using statistical regression and non-response
analysis, pressure can for the most part be explained by
wind speed. However, according to simple correlation
analysis, wind speed near the swface 13 most lughly
correlated with the temperature, of which, dew point 1is
related to the relative humidity and the density of the air.
Pressure is also highly correlated with atmospheric
temperature. In fact, the presswre appears to be co-
dependent with wind speed and temperature. There are
two solutions for pressure depending on the temperature
and wind speed. Similarly, there are two solutions for wind
speed depending on pressure and temperature. In
pressure, the solution appear to depend on the
temperature, such as before and after a storm has reached
maximum sustained winds;, however, when solving for
wind speed, the solution is that which minimizes the
velocity.
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